fourier series examples and solutions

The world of mathematics and engineering is rich with elegant tools that help us understand complex

phenomena. Among these, the Fourier series stands out as a particularly powerful concept. It allows us to
decompose intricate, periodic functions into simpler, more manageable sinusoidal components. This article
delves deep into fourier series examples and solutions, providing a comprehensive understanding of how
they work, their practical applications, and step-by-step methods for solving common problems. Whether
you're a student grappling with signal processing, an engineer analyzing vibrations, or simply curious

about the mathematical underpinnings of periodic phenomena, this guide offers the clarity and depth you

need.

We'll explore the fundamental principles behind Fourier series, discuss various types of functions that can
be represented, and walk through several illustrative examples with detailed solutions. By understanding
these fourier series examples and solutions, you'll gain a newfound appreciation for how complex
waveforms can be built from basic building blocks, a concept crucial in fields ranging from electrical

engineering to quantum mechanics.
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Understanding the Basics of Fourier Series

At its core, a Fourier series is a method for representing a periodic function as an infinite sum of sines and
cosines. This decomposition is incredibly useful because sinusoidal functions are fundamental building blocks
in nature and are relatively easy to analyze. Imagine a complex musical chord; a Fourier series allows us to

break it down into its individual notes, each represented by a simple sine wave of a specific frequency and



amplitude. This principle applies to a vast array of periodic signals, from audio waves and radio

transmissions to the vibrations of a string or the fluctuations of temperature over time.

The fundamental idea, pioneered by Joseph Fourier, is that any "reasonably well-behaved" periodic
function can be expressed as a linear combination of these simple sinusoids. The "reasonably well-behaved"
condition typically means the function must be absolutely integrable over one period and have a finite

number of discontinuities. The series itself takes a specific form:
f(x) = a¢/2 + L [a, cos(nwx) + b, sin(nwx)] from n=1 to

Here, f(x) is the periodic function, ® is the fundamental angular frequency (2n/T, where T is the period),

0, a5, and b, are the Fourier coefficients, and n is an integer representing the harmonic number.

The Mathematical Foundation: Fourier Coefficients

The key to constructing a Fourier series lies in determining the values of the Fourier coefficients: ay, a,,
and b,. These coefficients represent the "amount” of each cosine and sine component present in the original
function. They are calculated using integral formulas that essentially measure the correlation between the

function and each specific sinusoidal component over one period.

Calculating the DC Component (a)

The coefficient a, represents the average value of the function over its period. It's often referred to as the
"DC component" because it's analogous to the direct current component in an electrical signal. The formula

for ag is:
ao = (1/T) §[from -T/2 to T/2] f(x) dx

This integral calculates the total area under the curve of f(x) over one period and then divides it by the

length of the period to find the average height.

Calculating the Cosine Coefficients (a,)

The coefficients a, measure the amplitude of the cosine terms at each harmonic frequency. They are

calculated using the following integral:

a, = (2/T) §[from -T/2 to T/2] f(x) cos(nwx) dx



This integral essentially correlates the function f(x) with cos(nwx) over a period. If f(x) has a strong cosine

component at frequency nw, the resulting a, will be larger.

Calculating the Sine Coefficients (b,)

Similarly, the coefficients b, measure the amplitude of the sine terms at each harmonic frequency.
b, = (2/T) §[from -T/2 to T/2] f(x) sin(nwx) dx

These integrals are crucial for accurately reconstructing the original function. The symmetry of the
function can often simplify these calculations. For instance, if f(x) is an even function, all b, coefficients will

be zero, and if f(x) is an odd function, all a, (including ag) coefficients will be zero.

Common Fourier Series Examples and Their Solutions

Understanding abstract formulas is one thing; seeing them in action with concrete fourier series examples
and solutions is another. We will now explore several fundamental periodic functions and derive their

Fourier series representations, detailing the steps involved.

Example 1: The Square Wave

The square wave is a quintessential example used in Fourier analysis. Consider a square wave defined over

one period, say from -n to 7, with a period of 27 (so T = 2m and w = 1).

flx)=1for0<x<mn
flx)=-1for-n<x<0

f(x + 2n) = f(x)

This is an odd function. Let's calculate the coefficients.

Calculating Coefficients for the Square Wave

Since f(x) is odd, ap = 0 and a, = 0 for all n.

For b,

b, = (2/2n) {[from -m to ©t] f(x) sin(nx) dx



b, = (1/n) [{[from -7 to 0] (-1) sin(nx) dx + §[from 0 to n] (1) sin(nx) dx]
b, = (1/7) [{[from -7 to 0] -sin(nx) dx + {[from 0 to =] sin(nx) dx|

Evaluating the integrals:

ba = (1/71) [([cos(nx)/n] from -7 to 0) + ([-cos(nx)/n] from 0 to )]
ba = (1/7) [(cos(0)/n - cos(-nm)/n) + (-cos(nm)/n - (-cos(0)/n))]

ba = (1/7) [(1/n - cos(nm)/n) + (-cos(nm)/n + 1/n)]

ba = (1/m) [2/n - 2cos(nm)/n]

Since cos(n) = (-1)"

b, = (2/nm) [1 - (-1)"]
This formula gives:

e Ifniseven, b, = (2/nn)[1 - 1] =0.

e Ifnis odd, b, = (2/nn) [1 - (-1)] = 4/nm.

So the Fourier series for this square wave is:

f(x) = (4/7) [sin(x)/1 + sin(3x)/3 + sin(5x)/5 + ...]

Example 2: The Sawtooth Wave

Let's consider a sawtooth wave defined as f(x) = x for -n < x < m, with a period of 2n (T = 2n, w = 1).

flx)=x,for-n<x<m

f(x +2n) = f(x)

This is an odd function, so ag = 0 and a, = 0.

Calculating Coefficients for the Sawtooth Wave
For b,:
b, = (2/27) {[from -n to 7] x sin(nx) dx

b, = (1/x) §[from -7 to mt] x sin(nx) dx

We use integration by parts: { udv =uv - { v du.



Let u = x, dv = sin(nx) dx.

Then du = dx, v = -cos(nx)/n.

So the Fourier series for this sawtooth wave is:
f(x) = £ [2 (-1)"/n sin(nx)] from n=1 to ©

f(x) = 2 [-sin(x)/1 + sin(2x)/2 - sin(3x)/3 + sin(4x)/4 - ...]

Example 3: The Half-Wave Rectified Sine Wave

Consider a sine wave that is rectified so that all negative portions are zeroed out. Let f(x) = sin(x) for 0 < x

<7, and f(x) = 0 for m < x < 2x. The period is T = 27, so w = 1.

flx) =sin(x)for0 < x <=
flx)=0fort<x<2n

flx + 2n) = f(x)

Calculating Coefficients for the Half-Wave Rectified Sine Wave

a, = (2/2m) {[from 0 to 27t] f(x) cos(nx) dx



a, = (1/m) [{[from 0 to 7] sin(x) cos(nx) dx + {[from = to 2nt] 0 dx]

Using the identity sin(A)cos(B) =

[sin(A+B) + sin(A-B)]/2:

a, = (1/m) §[from 0 to =] [sin((n+1)x) + sin((1-n)x)]/2 dx

an = (1/2m) [{[from 0 to 7] sin((n+1)x) dx + §[from 0 to m] sin((1-n)x) dx]

Forn = 1:

a; = (1/2n) {[from O to =] sin(2x) dx = (1/2m) [-cos(2x)/2] from 0 to =

a; = (1/2m) [-cos(2m)/2 - (-cos(0)/2)] =

(1/2m) [-1/2 - (-1/2)] = 0.

For n # 1:
(1/2m) [-cos((n+1)x)/(n+1) - cos((1-n)x)/(1-n)] from 0 to =
(1/27) [(-cos((n+1)m)/(n+1) - cos((1-n)m)/(1-n)) - (-1/(n+1) - 1/(1-n))]
Using cos(kn) = (~1)* and cos((1-n)x) = cos(-(n-1)m) = cos((n-1)x) = (-1)™*
= (1/27) [(-(-1)™/(n+1) - (-1)"/(1-n)) - (-1/(n+1) - 1/(1-n))]
= (1/27) [(-(-1)™*/(n+1) + (-1)"/(n-1)) + 1/(n+1) + 1/(1-n)]
= (1/2n) [((1) “/(n+1) + (-1)*Y/(n-1)) + 1/(n+1) - 1/(n-1)]
= (1/27) [(-1)™* (1/(n-1) - 1/(n+1)) + (1/(n+1) - 1/(n-1))]
— (1/27) [(-1)™" (2/(n-1)) - (2/(n2-1))]
an = (1/(0?-1)) [(-1)"" - 1]

If n is even (n-1 is odd), a,

If n is odd (n-1is even), a, = (1/m(n-1)) [1 -

b, = (2/2m) {[from 0 to 2x] f(x) sin(nx) dx
b, = (1/m) {[from 0 to =] sin(x) sin(nx) dx

Using the identity sin(A)sin(B) =

= (1/n(n-1)) [-1 -

1] = -2/(n(n?1)).
= 0. This is for n > 1.

[cos(A-B) - cos(A+B)]/2:

b, = (1/7) {[from 0 to 7] [cos((1-n)x) - cos((1+n)x)]/2 dx

b, = (1/27) [{[from 0 to n] cos((1-n)x) dx - {[from 0 to 7] cos((1+n)x) dx]

Forn = 1:

by = (1/2n) §[from 0 to nt] [cos(0) - cos(2x)] dx =

by = (1/27) [x - sin(2x)/2] from 0 to =
by = (1/2x) [n - sin(2n)/2 - (0 - sin(0)/2)] =

(1/2m) §[from 0 to 7| [1 - cos(2x)] dx

(1/2m) [n] = 1/2.



Forn # 1:

b, = (1/2x) [sin((1-n)x)/(1-n) - sin((1+n)x)/(1+n)] from 0 to =

b, = (1/2=) [(sin((1-n)m)/(1-n) - sin((1+n)xn)/(1+n)) - (sin(0)/(1-n) - sin(0)/(1+n))]
Since sin(kn) = 0 for integer k:

ba = (1/21)[0-0- 0 + 0] = 0.

So, the Fourier series for the half-wave rectified sine wave is:
f(x) = 1/2 + (1/n) + X [-2/(n(n?-1)) cos(nx)] for even n, n > 1.
f(x) = 1/2 + 1/n + [-2/(37) cos(2x) - 2/(157) cos(4x) - 2/(35m) cos(6x) - ...]

Solving Fourier Series Problems: Step-by-Step Guidance

Successfully tackling fourier series examples and solutions involves a methodical approach. Here’s a general

strategy to follow:

1. Identify the Period (T) and Fundamental Frequency (®): The first step is always to determine the

period of the function. Once T is known, w can be calculated as @ = 2n/T.

2. Determine Function Symmetry: Check if the function is even (f(-x) = f(x)), odd (f(-x) = -f(x)), or
neither. This can significantly simplify calculations. If even, b, = 0. If odd, ap = 0 and a, = 0.

3. Calculate the DC Component (ag): Use the formula ay = (1/T) §[over one period] f(x) dx. Pay close

attention to the limits of integration based on the function's definition and its period.

4. Calculate the Cosine Coefficients (as): Use the formula a, = (2/T) {[over one period] f(x) cos(nwx) dx.

If the function is defined piecewise, break the integral into parts corresponding to each piece.

5. Calculate the Sine Coefficients (b,): Use the formula b, = (2/T) {[over one period] f(x) sin(nwx) dx.

Again, handle piecewise definitions with care.

6. Substitute Coefficients into the Fourier Series Formula: Once ay, a,, and b, are found, plug them back

into the general Fourier series formula: f(x) = a¢/2 + X [a, cos(nwx) + b, sin(nwx)].

7. Simplify and Write the Series: Write out the first few terms of the series to show the pattern, or

express it using summation notation.



Remember to utilize trigonometric identities and integration techniques (like integration by parts)

effectively. Always double-check your integration and algebraic manipulations.

Applications of Fourier Series in Real-World Scenarios

The ability to decompose complex periodic signals into simpler sinusoids makes Fourier series indispensable
across numerous scientific and engineering disciplines. Understanding fourier series examples and solutions

opens the door to analyzing a wide range of real-world phenomena.

e Signal Processing: This is perhaps the most prominent application. Fourier series are used to analyze,
filter, and compress signals like audio, radio waves, and images. By transforming a signal into its
frequency components, engineers can identify noise frequencies and remove them, or isolate specific

frequencies of interest.

¢ Electrical Engineering: In analyzing AC circuits, Fourier series are used to represent non-sinusoidal
voltage and current waveforms. This allows for the calculation of RMS wvalues, power, and the
behavior of circuit components like resistors, capacitors, and inductors when subjected to complex

periodic inputs.

e Mechanical Vibrations: Many mechanical systems exhibit periodic vibrations. Fourier analysis helps
engineers understand the natural frequencies of these systems and how they respond to different
external forces. This is crucial for designing structures that can withstand vibrations, such as bridges,

buildings, and aircraft.

¢ Data Compression: Techniques like JPEG image compression and MP3 audio compression rely on
Fourier transforms (closely related to Fourier series for continuous functions). By representing data
in the frequency domain, less important frequency components can be discarded, leading to smaller

file sizes with minimal perceptible loss of quality.

¢ Heat Conduction: Fourier's original work was motivated by the problem of heat conduction. Fourier
series can be used to solve partial differential equations that describe how heat distributes over time

in various shapes, especially when initial conditions are periodic.

* Medical Imaging: Magnetic Resonance Imaging (MRI) uses Fourier transforms to reconstruct images

from the raw data collected.



Advanced Topics and Variations in Fourier Series

While the basic Fourier series deals with real-valued periodic functions, several variations and extensions

exist to handle more complex scenarios and provide different perspectives.

Complex Fourier Series

The complex form of the Fourier series is often more compact and mathematically elegant. It expresses a

periodic function as a sum of complex exponentials:
f(x) = X [cq €\(inwx)] from n=- to

where c, are complex coefficients given by:

ca = (1/T) §[over one period] f(x) e’(-inwx) dx

This form is particularly useful in advanced signal processing and quantum mechanics.

Fourier Sine and Cosine Series

For functions defined over an interval [0, L] that are not necessarily periodic but for which we want to
represent them using sines or cosines (often in the context of solving partial differential equations like the
heat or wave equation), we use Fourier sine or cosine series. These are essentially derived from the

Fourier series of an odd or even extension of the original function.

Fourier Sine Series: Used for odd extensions. f(x) = ¥ [b, sin(nmx/L)]

Fourier Cosine Series: Used for even extensions. f(x) = a¢/2 + X [a, cos(nnx/L)]

These series are invaluable when dealing with boundary conditions that require a function to be zero or

have a zero derivative at the boundaries.

Convergence of Fourier Series

A crucial aspect of Fourier series is understanding when they actually converge to the original function.
Dirichlet's conditions (that the function is absolutely integrable, has finite number of discontinuities, and
finite number of extrema in a period) guarantee convergence. At points of discontinuity, the Fourier series

converges to the average of the left and right limits (a phenomenon known as Gibbs phenomenon).



Conclusion: Mastering Fourier Series Examples and Solutions

In summary, the exploration of fourier series examples and solutions reveals a fundamental mathematical
tool with profound implications across science and engineering. By breaking down periodic functions into a
sum of simple sines and cosines, we gain the ability to analyze, manipulate, and understand complex signals
and systems. Mastering the calculation of Fourier coefficients for various functions, from the simple square

wave to more intricate waveforms, is key to unlocking their predictive and analytical power.

The practical applications, ranging from signal processing and electrical engineering to mechanical
vibrations and data compression, underscore the indispensable nature of Fourier series in modern
technology. As we've seen through detailed examples, a systematic approach to calculating the coefficients,
coupled with an understanding of function symmetry and integration techniques, allows for the accurate
representation of periodic phenomena. Whether you are a student learning these concepts for the first time
or a professional seeking to deepen your understanding, a solid grasp of fourier series examples and

solutions will undoubtedly enhance your analytical capabilities.

Additional Resources

Here are 9 book titles related to Fourier series examples and solutions:

1. _Fourier Series and Boundary Value Problems_

This classic text provides a rigorous introduction to Fourier series, focusing on their application to solving
partial differential equations, particularly those encountered in physics and engineering. It meticulously
works through numerous examples of heat conduction, vibration, and wave phenomena, offering detailed
solutions derived from Fourier series expansions. Students will find a wealth of solved problems and a clear

progression from foundational concepts to complex applications.

2. _Advanced Engineering Mathematics_

While a broad survey, this comprehensive book dedicates significant chapters to Fourier series and their
applications. It covers the theoretical underpinnings of Fourier analysis, including convergence theorems,
and then dives into practical examples across various engineering disciplines. The solutions provided
demonstrate how to use Fourier series for signal processing, circuit analysis, and the solution of differential

equations.

3. _Fourier Analysis: An Introduction_

This book is designed as a gentle yet thorough introduction to Fourier analysis, emphasizing the practical
aspects of Fourier series. It builds intuition through carefully selected examples involving periodic
functions and their decomposition into sinusoidal components. The solutions are presented step-by-step,
making it accessible for those with a moderate calculus background looking to master Fourier series

techniques.



4. _Differential Equations with Boundary-Value Problems_

This textbook integrates Fourier series as a powerful tool for solving certain types of ordinary and partial
differential equations with boundary conditions. It showcases how Fourier series provide elegant solutions
to problems in areas like mechanics and electromagnetism. Numerous examples are included,

demonstrating the process of setting up and solving these problems using Fourier expansions.

5. _Signals and Systems: A Practical Approach_

This resource leverages Fourier series to analyze and understand signals and systems in electrical
engineering and related fields. It provides practical examples of how Fourier series represent complex
waveforms and how this representation aids in system analysis, such as filtering and modulation. The book

offers solutions that highlight the computational and conceptual benefits of using Fourier series.

6. _Mathematical Methods for Physicists_

This esteemed reference presents Fourier series as a fundamental mathematical technique for physicists. It
delves into the theoretical foundations and then applies them to a wide array of physical problem:s,
including wave mechanics, optics, and quantum mechanics. The book features extensive examples with

detailed solutions, illustrating the power and versatility of Fourier series in describing physical phenomena.

7. _Introduction to Partial Differential Equations_

This text highlights the crucial role of Fourier series in solving partial differential equations, particularly
those arising from physical models. It covers the construction of Fourier series for various functions and
their application to boundary value problems. The book is rich with solved examples, demonstrating how

to derive solutions for problems in heat diffusion and wave propagation.

8. _Applied Fourier Series: Theory and Practice_

This book focuses on the practical implementation and application of Fourier series across different domains.
It provides clear explanations of the theory and then moves into numerous worked examples, covering
topics such as signal processing, image analysis, and numerical methods. The solutions emphasize the

computational aspects and the interpretation of results.

9. _Elementary Fourier Series_

This accessible book is specifically crafted for beginners, offering a straightforward approach to
understanding and applying Fourier series. It breaks down complex concepts into manageable steps, using
illustrative examples to build confidence. The book provides a solid foundation by presenting numerous

solved problems that showecase the process of finding Fourier series expansions for common functions.
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