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law of sines and cosines review worksheet: Mastering Trigonometric Applications for Triangles

The law of sines and cosines review worksheet is an essential tool for students and educators looking
to solidify understanding of fundamental trigonometric principles governing non-right triangles. These
laws provide powerful methods for solving for unknown sides and angles when traditional
Pythagorean theorem and SOH CAH TOA methods are insufficient. This comprehensive guide will
delve into the intricacies of the law of sines and the law of cosines, offering insights into their
applications, derivation, and practice problems typically found on a review worksheet. We will explore
when to use each law, common pitfalls to avoid, and strategies for tackling various triangle-solving
scenarios. Prepare to enhance your trigonometry skills with this detailed examination of the law of
sines and cosines review worksheet.
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Understanding the Law of Sines

The law of sines is a fundamental relationship in trigonometry that connects the lengths of the sides
of any triangle to the sines of its opposite angles. For any triangle ABC, with sides a, b, and c opposite
to angles A, B, and C respectively, the law of sines states that:

a / sin(A) = b / sin(B) = c / sin(C)

This elegant formula allows us to solve for unknown sides or angles when we have certain information
about a triangle. It is particularly useful when dealing with triangles where we know at least one side
and two angles (ASA or AAS), or two sides and an angle opposite one of them (SSA). The latter case,
SSA, can sometimes lead to the ambiguous case, which requires careful consideration.



Derivation of the Law of Sines

The law of sines can be derived by drawing an altitude from one vertex to the opposite side. For
example, consider an altitude h drawn from vertex C to side AB. This creates two right-angled
triangles. Within these right triangles, we can express h in terms of the sides and angles. From the
triangle formed by altitude h and side b, we have sin(A) = h/b, so h = b sin(A). From the triangle
formed by altitude h and side a, we have sin(B) = h/a, so h = a sin(B). Setting these two expressions
for h equal to each other gives b sin(A) = a sin(B). Dividing both sides by a sin(A) sin(B) results in b /
sin(B) = a / sin(A). This process can be repeated for other altitudes to establish the full law.

Applications of the Law of Sines

The law of sines has numerous practical applications in various fields. Surveyors use it to calculate
distances and angles across inaccessible terrain. Pilots use it for navigation, determining distances
and headings. Engineers employ it in structural analysis and design, particularly when dealing with
forces and angles in triangular frameworks. In physics, it's used in problems involving vectors and
wave phenomena. A law of sines and cosines review worksheet often features problems that mimic
these real-world scenarios, emphasizing the utility of these trigonometric laws beyond theoretical
mathematics.

The Law of Cosines: A Deeper Dive

The law of cosines is another crucial tool for solving triangles, extending the Pythagorean theorem to
non-right triangles. It relates the lengths of the sides of a triangle to the cosine of one of its angles.
For any triangle ABC, the law of cosines states:

a² = b² + c² - 2bc cos(A)

b² = a² + c² - 2ac cos(B)

c² = a² + b² - 2ab cos(C)

These formulas are indispensable when we know two sides and the included angle (SAS), or when we
know all three sides of a triangle (SSS). Unlike the law of sines, the law of cosines does not suffer from
the ambiguous case when used to find angles directly from side lengths.

When to Use the Law of Cosines

The decision to use the law of sines or cosines hinges on the information provided in the problem. You
should opt for the law of cosines in the following situations:

When you are given two sides and the included angle (SAS). You can directly use the law of



cosines to find the third side. Once you have all three sides, you can then use the law of sines
or the law of cosines again to find the remaining angles.

When you are given all three sides of the triangle (SSS). In this scenario, the law of cosines is
the only way to find any of the angles.

A well-designed law of sines and cosines review worksheet will present problems that clearly indicate
which law is most appropriate for an efficient solution.

Derivation of the Law of Cosines

The law of cosines can be derived using the Pythagorean theorem. Place triangle ABC on a coordinate
plane with vertex A at the origin (0,0) and side AC along the positive x-axis. Thus, vertex C will be at
(b, 0). Vertex B will have coordinates (c cos(A), c sin(A)). Using the distance formula to find the length
of side BC (which is side 'a'), we get:

a² = [(c cos(A)) - b]² + [(c sin(A)) - 0]²

a² = c²cos²(A) - 2bc cos(A) + b² + c²sin²(A)

a² = c²(cos²(A) + sin²(A)) + b² - 2bc cos(A)

Since cos²(A) + sin²(A) = 1, this simplifies to:

a² = c² + b² - 2bc cos(A)

This derivation clearly illustrates the relationship between the sides and the cosine of one angle.

Solving Triangles with the Law of Sines and Cosines

The primary goal of a law of sines and cosines review worksheet is to equip students with the ability
to solve for all unknown sides and angles of a triangle given sufficient information. Solving a triangle
means finding the measures of all three angles and the lengths of all three sides. The process
typically involves:

Identifying the given information (e.g., side-side-side (SSS), side-angle-side (SAS), angle-side-
angle (ASA), angle-angle-side (AAS), or side-side-angle (SSA)).

Choosing the appropriate law (sines or cosines) based on the given information.

Applying the chosen law to find an unknown side or angle.

Using the sum of angles in a triangle (180 degrees) and the law of sines or cosines to find the
remaining unknowns.



Special attention should be paid to the SSA case (ambiguous case) when using the law of sines,
as it may result in zero, one, or two possible triangles.

Handling the Ambiguous Case (SSA)

The SSA situation, where two sides and a non-included angle are given, is often referred to as the
"ambiguous case" because it can lead to zero, one, or two distinct triangles. When using the law of
sines to find an angle, if you calculate sin(A) and find that sin(A) > 1, then no triangle exists. If sin(A)
= 1, then angle A = 90 degrees, and there is one right triangle. If sin(A) < 1, there are two possible
values for angle A: A and 180° - A. You must then check if the sum of this second possible angle and
the other given angle exceeds 180 degrees. If it does, then only the first value of A is valid. If it does
not, then two triangles are possible.

Common Mistakes on Law of Sines and Cosines
Worksheets

Students often encounter common errors when working through law of sines and cosines problems.
Recognizing these pitfalls can significantly improve performance on a law of sines and cosines review
worksheet. Some frequent mistakes include:

Incorrectly identifying which law to use based on the given information.

Errors in algebraic manipulation, especially when rearranging formulas to solve for an unknown.

Calculator input errors, such as forgetting to set the calculator to degree mode or incorrectly
inputting trigonometric functions.

Not accounting for the ambiguous case (SSA) when using the law of sines.

Rounding errors that accumulate and lead to inaccurate final answers.

Confusing opposite sides and angles when applying the laws. For instance, using side 'a' with
angle 'B' instead of angle 'A'.

Tips for Effective Law of Sines and Cosines Practice

To master the law of sines and cosines, consistent and focused practice is key. Here are some tips to
make your study sessions more effective, particularly when preparing with a law of sines and cosines
review worksheet:



Understand the Concepts First: Before attempting problems, ensure you fully grasp the
formulas and when each law is applicable.

Work Through Examples: Study worked-out examples in textbooks or online resources to see
the step-by-step application of the laws.

Start Simple: Begin with problems that clearly indicate which law to use and gradually
progress to more complex scenarios.

Draw Diagrams: Always sketch the triangle and label all known and unknown sides and
angles. This visual aid can prevent errors.

Check Your Work: After solving a problem, verify your answers by plugging them back into
the original equations or by using the alternative law.

Practice the Ambiguous Case: Dedicate specific practice to SSA problems to build
confidence in handling situations that yield multiple solutions.

Use a Calculator Wisely: Be proficient with your calculator and always double-check that it is
in the correct mode (degrees or radians).

Seek Help: Don't hesitate to ask your teacher or peers for clarification on concepts you find
challenging.

Practice Problems and Solutions for Review

A typical law of sines and cosines review worksheet will include a variety of problems designed to test
your understanding. Here are examples of problems you might encounter:

Problem Type 1: Using the Law of Sines (ASA/AAS)

Problem: In triangle ABC, angle A = 45°, angle B = 60°, and side c = 10 cm. Find the lengths of sides
a and b.

Solution Approach: First, find angle C: C = 180° - 45° - 60° = 75°. Then, use the law of sines:
a/sin(A) = c/sin(C) and b/sin(B) = c/sin(C).

a = (c sin(A)) / sin(C) = (10 sin(45°)) / sin(75°)

b = (c sin(B)) / sin(C) = (10 sin(60°)) / sin(75°)



Problem Type 2: Using the Law of Cosines (SAS)

Problem: In triangle XYZ, side x = 7, side y = 9, and angle Z = 110°. Find the length of side z.

Solution Approach: Use the law of cosines: z² = x² + y² - 2xy cos(Z).

z² = 7² + 9² - 2(7)(9) cos(110°)

z² = 49 + 81 - 126 cos(110°)

z = sqrt(49 + 81 - 126 cos(110°))

Problem Type 3: Using the Law of Cosines (SSS)

Problem: In triangle PQR, side p = 5, side q = 7, and side r = 10. Find the measure of angle R.

Solution Approach: Use the law of cosines: r² = p² + q² - 2pq cos(R). Rearrange to solve for cos(R).

cos(R) = (p² + q² - r²) / (2pq)

cos(R) = (5² + 7² - 10²) / (2 5 7)

cos(R) = (25 + 49 - 100) / 70

cos(R) = -26 / 70

R = arccos(-26 / 70)

Problem Type 4: The Ambiguous Case (SSA)

Problem: In triangle LMN, angle L = 30°, side l = 4, and side m = 6. Find the possible measures for
angle M.

Solution Approach: Use the law of sines: l/sin(L) = m/sin(M).

sin(M) = (m sin(L)) / l = (6 sin(30°)) / 4 = (6 0.5) / 4 = 3 / 4 = 0.75

Since sin(M) < 1, there are two possible values for M: M1 = arcsin(0.75) and M2 = 180° - arcsin(0.75).

M1 ≈ 48.59°

M2 ≈ 180° - 48.59° ≈ 131.41°

Now check if M2 is valid: L + M2 = 30° + 131.41° = 161.41°, which is less than 180°. So, both M1 and
M2 are possible angles.



Frequently Asked Questions

What is the Law of Sines used for?
The Law of Sines is used to find unknown side lengths or angle measures in any triangle when you
know either two angles and one side (AAS or ASA) or two sides and one non-included angle (SSA).

What is the Law of Cosines used for?
The Law of Cosines is used to find unknown side lengths or angle measures in any triangle when you
know either two sides and the included angle (SAS) or all three sides (SSS).

What are the formulas for the Law of Sines?
The formulas are: a/sin(A) = b/sin(B) = c/sin(C), where a, b, and c are the side lengths opposite angles
A, B, and C, respectively.

What are the formulas for the Law of Cosines?
The formulas are: c² = a² + b² - 2ab cos(C), b² = a² + c² - 2ac cos(B), and a² = b² + c² - 2bc cos(A).

When might the Law of Sines lead to an ambiguous case
(SSA)?
The ambiguous case arises when you have two sides and a non-included angle (SSA). There could be
zero, one, or two possible triangles that fit the given information.

How can you resolve the ambiguous case with the Law of
Sines?
After finding an initial angle using the Law of Sines, check if the supplement of that angle is also a
valid angle within a triangle (i.e., if the sum of the supplement and the other known angle is less than
180 degrees). If it is, there are two possible triangles.

What is the advantage of using the Law of Cosines for SSA
cases?
The Law of Cosines is generally preferred for SSA cases because it directly leads to a single,
unambiguous solution for the unknown side or angle, avoiding the ambiguity inherent in the Law of
Sines.

Can the Law of Sines or Cosines be used on right triangles?
Yes, but it's usually overkill. For right triangles, trigonometric ratios (SOH CAH TOA) and the
Pythagorean theorem are simpler and more direct methods.



What is a key difference in how the Law of Sines and Cosines
determine side lengths?
The Law of Sines relates sides to the sines of their opposite angles. The Law of Cosines uses a formula
that resembles the Pythagorean theorem, incorporating the cosine of the included angle.

What types of real-world problems can be solved using the
Law of Sines and Cosines?
These laws are used in surveying, navigation, astronomy, physics, engineering, and even computer
graphics to calculate distances, angles, and positions in situations where direct measurement is
difficult or impossible.

Additional Resources
Here are 9 book titles related to a review of the Law of Sines and Cosines, with short descriptions:

1. Trigonometry: A Modern Approach
This comprehensive textbook provides a thorough exploration of trigonometric concepts, including a
dedicated section on the Law of Sines and Cosines. It features numerous examples, practice
problems, and step-by-step solutions to solidify understanding. The book is designed for students
needing a solid foundation in trigonometry for further mathematical studies.

2. Essential Trigonometry for the 21st Century
This title focuses on the practical applications of trigonometry, making it highly relevant for students
reviewing the Law of Sines and Cosines. It bridges theoretical concepts with real-world scenarios in
fields like surveying and navigation. The accompanying exercises are crafted to reinforce mastery of
these essential laws.

3. The Geometry of Triangles: A Deep Dive
This book delves into the intricate properties and relationships within triangles, naturally dedicating
significant space to the Law of Sines and Cosines. It explores the proofs and derivations behind these
laws, offering a deeper conceptual understanding. Ideal for those who want to grasp the 'why' behind
the formulas.

4. Mastering Trigonometric Identities and Equations
While broader in scope, this book includes extensive chapters on solving triangles, with a strong
emphasis on applying the Law of Sines and Cosines. It provides strategies for tackling complex
problems and understanding the interplay between different trigonometric tools. Learners will
appreciate the focus on problem-solving techniques.

5. Precalculus Essentials: Trigonometry Refresher
Designed as a review for precalculus students, this book offers a clear and concise overview of
essential trigonometric topics. The Law of Sines and Cosines are presented with ample worked
examples and practice exercises to ensure retention. It's a perfect resource for students preparing for
advanced mathematics.

6. Applied Trigonometry: From Theory to Practice



This title highlights the practical utility of trigonometry, with the Law of Sines and Cosines being
central to its application chapters. It demonstrates how these laws are used in physics, engineering,
and astronomy. The book aims to make the subject engaging by showcasing its real-world impact.

7. The Art of Triangle Solving: Laws of Sines and Cosines Explained
This book is specifically crafted to demystify the Law of Sines and Cosines, presenting them in an
accessible and engaging manner. It breaks down the problem-solving process into manageable steps
and offers a variety of practice scenarios. The emphasis is on building confidence in applying these
critical formulas.

8. Trigonometric Bootcamp: Intensive Review
This intensive review manual is perfect for students needing a quick and effective brush-up on
trigonometry. It features targeted practice sections for the Law of Sines and Cosines, along with
common problem types and strategies for efficient solving. It’s a focused resource for test
preparation.

9. Navigating the Triangle: A Guide to Sines and Cosines
This title offers a guided exploration of triangle analysis, with a particular focus on the application and
interpretation of the Law of Sines and Cosines. It provides clear explanations, visual aids, and a
progressive set of exercises designed to build proficiency. It's an excellent resource for solidifying
understanding of these foundational trigonometric laws.
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